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Rotorcraft flight control systems present many significant design challenges. First, large variationsin the response
characteristics of rotorcraft result from the wide range of airspeeds of typical operation (hover to over 100 kn).
Second, the assumption of vehicle rigidity often employed in the design of fixed-wing flight control systems is rarely
justified in rotorcraft where rotor degrees of freedom can have a significant impact on the system performance and
stability. A methodology is proposed for the design of robust rotorcraft flight control systems utilizing quantitative
feedback theory (QFT). QFT is a technique that accounts for variability in the dynamic response of the controlled
element in the design of robust control systems. It was developed to address a multiple-input/single-output (MISO)
design problem, but the extension of this technique to address multiple-input/multiple-output (MIMO) systems was
employed to address the flight control system (FCS) design of a UH-60 Black Hawk Helicopter. This was accom-
plished by constructing a set of MISO systems mathematically equivalent to the MIMO system. QF T was applied
to each member of the set independently. Inherent conservatism in this design technique leads to limitations in
its utility. A second approach utilizing the sequential closure of control loops proved an improved method for
designing of robust MIMO FCSs. An analysis of the two FCS design methodologies is presented.

I. Introduction

HE design of rotorcraft flight control systems (FCSs) is com-

plicated by the large variations in the response characteristics
of the rotorcraft resulting from the wide range of airspeeds of typ-
ical operation (hover to over 100 kn). Also, the rotor degrees of
freedom can have a significant impact on the system performance
and stability. The importance of the rotor dynamics in the FCS de-
sign process is magnified when one realizes that the performance
requirements of modern rotorcraft necessitate high-response band-
width, full-authority FCS. Here, high-response bandwidth refers to
the ability of the FCS to produce a desired pilotinput/vehicle output
responsetype,e.g., attitudecommand/attitude hold, overa broad fre-
quency range. While seeking to maximize response bandwidth, the
designer is also interested in minimizing feedback bandwidth. As
shown in Fig. 1, response bandwidth refers to that associated with
y/yc, whereas feedback bandwidth is that associated with y/yf.
And, the effects of sensor and actuator dynamics, digital control law
implementation, and nonlinearaerodynamiceffects further compli-
cate the FCS design process.'*?

Traditionally, rotorcraft FCS designers have addressed the de-
scribed complications by designing an FCS in which a gain sched-
uler may tune the FCS to the given flight condition with enough gain
and phase margin at each flight condition to compensate for unmod-
eled high-order effects, such as rotor and inflow dynamics. The in-
tent here, however, was to design an FCS utilizing knowledge of the
rotor and inflow dynamics that for any flight conditionfrom hover to
100kn will yield satisfactoryperformance,obviatinga gain schedul-
ing algorithmin the FCS. This work is an extensionof that presented
in Refs. 3 and 4; the major distinctionis that the constrained variable
method used in Refs. 3 and 4 was eschewed. To the authors’ knowl-
edge, this is the first paper to present quantitative feedback theory
(QFT) applied to a 4 x 4 vehicle model. Considerableeffort was di-
rected toward specifying tracking and cross-coupling performance
bounds to satisfy handling qualities (HQ) requirements.
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II. QFT

QFT is a technique for designing robust control systems.>~> It is
a frequency-domain design technique in which uncertainty in the
dynamic characteristics of the controlled element is represented
as either variation in the coefficients of the control input to re-
sponse transfer functions or as variation over frequency in the mag-
nitude and phase of the frequency response. Tracking or command-
following performance bounds are also considered and are defined
as acceptableupper and lower limits of the magnitude on the closed-
loop system frequency response.

Considerthe multiple-inputkingle-output(MISO) control system
design shown in Fig. 1, where P € P, P is the set of all possible
variations in dynamic characteristics of the controlled element, y is
the output, yc is the command, and F and G are the two degrees
of freedom (DOF) utilized in the QFT design process. The QFT
design methodology utilizes these two design DOF to ensure three
design objectives, the first and most important of which is known
as stability robustness. Satisfaction of this first design objective is
quantified by the following two inequalities:

Il +GP| > S, PeP
IGP/(1+GP)| > S,. PeP

(1a)
(1b)

where S limits the closest approach of the loop transmission GP to
the —1 + 0 point and S, limits the peak magnitude of the closed-
loop system. Satisfaction of the second design objectivein the QFT
process, performance robustness, is quantified by the inequality of
Eq. (2), where T;, and Ty, representfrequency responsesof the upper
and lower performance bounds,

T, < FGP/(1+ GP) < Ty, PeP )

Finally, disturbance robustness is desired such that the frequency
response due to disturbance inputs remain below some acceptable
threshold for any of the possible plant dynamic models. This third
design objective is quantified by the inequality

P/(1+GP) <Tp, PepP (3)

Notice that the feedback compensator G, alone, is integral to the
satisfaction of Egs. (1) and (3) and the prefilter F and feedback
compensatorboth are integral to the satisfactionof Eq. (2). A neces-
sary butinsufficientconditionof Eq. (2), involvingonly the feedback
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Fig.2 Design environment for feedback compensation using QFT.

compensator,ensures that the variationin the closed-loop frequency
response due to the uncertainty in the dynamic characteristics of
the controlled element are within the variations defined across fre-
quency by the performance bounds. This is given by

AIGP/(1+GP)| = Tyl — T, “)

Boundaries B(w;) may be defined on a Nichols chart such that if
magnitude and phase of the nominal loop transmission, L (jw) =
GPy(jw), where P, is an arbitrarily selected member of P, at the
frequency w; are plotted above the boundary, then Eqgs. (1), (3), and
(4) are satisfied at the frequency. Note that Eq. (1) is satisfied by
limiting the approach of the family of loop transmissions, associ-
ated with the various members of the set P, to the point (0 dB, 180
deg). This is achieved by forcing the nominal loop transmission to
stay below the stability boundary, labeled B, in Fig. 2. Equation (4)
is satisfied at a given frequency by ensuring that the variation in
the closed-loop magnitude, resulting from the variation in the set
P, is less than the difference between the magnitude of the upper
performance bound and the lower performance bound at that fre-
quency. Recognizing that the distance between M-circles, which
represent closed-loop magnitude, increases toward the upper right
corner of the Nichols chart, it is possible to define a boundary such
that, for a given frequency, the inequality of Eq. (4) is satisfied so
long as the nominal loop transmission evaluated at that frequency
plots above that boundary. Equation (3) is satisfied by requiring a
minimum magnitude for the loop transmission at various frequen-
cies and, thus, may be more or less restrictive than the lines defined
to satisfy Eq. (4).

Although it is desired that the inequalities specified by Egs. (1),
(3), and (4) be satisfied for all frequencies, this would require an
infinite set of specified boundaries and, thus, is not practical. In-
stead, using the QFT approach, the designer attempts to satisfy
these inequalities for a finite set of frequencies spanning a reason-
able range. Thus, as shown in Fig. 2, the feedback compensator G
is designed such that the nominal loop transmission satisfies the

imposed boundariesat each design frequency. The QFT design pro-
cess is concluded with the determination of the precompensator F'
in satisfactionwith the inequality of Eq. (2). That is, the precompen-
sator F' ensures that the closed-loop frequency response y/y.(jw)
actually lies between the upper and lower performance bounds T,
and 77, respectively,given the uncertaintyin the controlledelement.

To apply QFT to a multiple-input/multiple-output (MIMO) sys-
tem, a set of MISO systems, mathematicallyequivalentto the MIMO
system and to which the QFT approach is applied independently,
must be determined5~® A brief derivation of such a set of MISO
systems, based on Schauder’s fixed point theorem, follows. In the
caseof an n x n MIMO design problem, the inputand output vectors
y and u are of length n, and P € P, G, and F are square matrices of
transfer functions with dimensions n x n. A transform is selected
by consideringthe vector equation defining the closed-loopsystem,

y=PG(Fu—y) 5)
so that
(P! +G)y = GFu 6)

which yields the constraint that P must be nonsingular for all of
P. Now, substituting Tu for y in Eq. (6), where T is the matrix of
closed-loop transfer functions, we see that

(P'+GT=GF (7)

Let each of the elements of the P! matrix be denoted 1/0Q;j, and
require G to be diagonal. To solve this matrix equation, each of the
elements of the left- and right-hand sides of the equation must be
equated. With a little manipulation of these n? equations, a general
expression results:

Fi;G;Q;; +d;; O
Tij — M 8)
1+ G0
where
T,:
di==2 5" (8a)
ati ia

If the system inputs are assumed to be unit impulse functions, then
yi;j is equal to T;; and may be substituted for the left-hand side of
Eq. (8). In that case, the form of Egs. (8) and (8a) may be shown
graphically by the MISO design problem shown in Fig. 1, allow-
ing the MISO QFT techniques to be utilized in the determination
of G; and Fj;. The T,; in Eq. (8a) represent the closed-loop re-
sponse of the ath output to an impulse in the jth input. Until the
systemdesignis complete, these responsesare unknown. During the
design phase, therefore, these responses are replaced by the accept-
able response boundaries 7;;, which represent the largest magnitude
for the response assuming the ultimate design satisfies the design
constraints. This substitutionrepresents, therefore, a worst-case as-
sumption. Note that for diagonal G compensation, as is assumed
here, there exists the additional stipulation that the G; must satisfy
the design constraints for y;; with j =1, 4.

III. UH-60A Blackhawk Helicopter Model

The complexity of the mathematical model to be used in the FCS
design is of singular importance. Low-order rigid body models of
rotorcraftare satisfactory for the design of low-response bandwidth
FCSs, but the limitations on the validity of such models at higher
frequenciescompromise their utility for the design of high-response
bandwidth systems. Utilized in this investigation was a generalnon-
linear28th-orderrotorcraftmodel” tailored to representthe UH-60A
Black Hawk rotorcraft. The model was linearized about six flight
conditionsranging from hover to 100 kn at 20-kn increments. Thus,
these linearized models defined the possible range for the dynamic
characteristics of the rotorcraft and were utilized in the QFT FCS
design process. The model included the flapping and lead-lag dy-
namicsof therotorand thedynamicsoftherotorinflow. One addition
to the model of Ref. 9 was an actuator for each of the four controls.
Each actuator was modeled as a second-ordersystem with a natural
frequency of 30 rad/s and a damping ratio of 0.7 (Ref. 10).
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IV. MIMO Application of QFT to the UH-60A FCS

Two requisite elements of the MIMO QFT design methodology
are the quantification of the variation in possible plant dynamic
response and the quantification of acceptable bounds on command
trackingand disturbancerejectionperformance.The first, as was dis-
cussed in Sec. III, was provided by the six linearized models of the
UH-60A, which constituted the set of possible plant dynamic mod-
els P. The other necessary design specification for QFT is the set of
boundaries on acceptable performance. It was desired that the de-
fined performance bounds relate to the HQ of the resulting FCS.
HQ are defined in Ref. 11 as “those qualities or characteristics of
an aircraft that govern the ease and precision with which a pilot is
able to perform the tasks required in support of an aircraftrole” A
rating scale has been developed to standardize pilot evaluation of
HQ, which is known as the Cooper-Harper Pilot Opinion Ratings
Scale.!?

Using the military HQ specification,”® tracking performance
boundaries were determined as described in Ref. 14. Unfortunately,
the HQ specifications for the cross-coupling responses are written
for the demonstration of compliance and are ambiguous when used
in design. To determine bounds on cross-coupling performance,
therefore, a classical base-line FCS was designed about the 40-kn
linear model. The cross-couplingresponses of this FCS were eval-
uated against the HQ specifications, and where acceptable, these

Table1 On-axis performance boundaries

0.9

responses became the basis for limits on cross-coupling perfor-
mance. Where peak responses were above acceptable limits, the
responses were scaled sufficiently to yield acceptable performance.
The resulting performance boundaries utilized in the design process
are shown in Tables 1 and 2. Note that, in all of the tables,

() = [(s/w) + 1] (¢ 0] = [(s/0)” + (2¢s/0) + 1]

To satisfy the designequation(8), it mustbe true thatfor j = 1, n,

1+GiQil > |di; |

1Qiil i

where 7;; represents the maximum acceptable response of the ith
output to the jth input, and

|Tot'|
dil =D 15 (10)
ati ia

To develop a four-inputfour-output FCS (Fig. 3), 16 MISO design
problems were addressed for the UH-60 rotorcraft that would yield
satisfactory HQ over the range of flight conditions from hover to
100 kn. It was not possible to satisfy all of the design specifica-
tions for all 16 of the design problems. Because violation of design
specifications in any of the MISO design problems invalidates the
mapping of Eq. (9), it was left to discover the true ramifications of
these deviationsuntil the final simulation of the FCS with the full ro-
torcraft model. The resulting feedback compensators and prefilters
are listed in Table 3 with the same nomenclature as used in the

)

Roll axis T, = G507 4510) preceding tables. Note that the maximum order of any of the com-
R pensatorsis only seven. Recalling that the model was of 36th order
Ty = _LUG) (28th-ordervehicle plus 2nd-orderactuators), the compensator sim-
[0.4;3.5]1(10) plicity afforded by the frequency-based QFT design is quite appar-
Pitch axis T - 0.9 ent. Large-order compensators are frequent results of many modern
L= (2.0)[0.7; 2.6](6) FCS design techniques,e.g., Ref. 15.
1.112.9) The tracking performance of all four response outputs was sat-
Ty = 104: 2.01(6) 2.016) isfactory based on the imposed performance criteria. In addition,
’0 9 by applying the cross-coupling performance criteria from the HQ
Heave axis T, = m specification, the cross-coupling responses were also satisfactory.
0250 This is despite the fact that the design process indicated that the
= L1l cross-coupling performance bounds would be violated. Several rea-
(1.0) sons exist for this apparent inconsistency. First, the cross-coupling
v . = 0.9 performance boundaries were overly restrictive. It may be possible
aw axis L= (3.5)[0.7; 4.51(10) to violate the imposed boundaries and still have satisfactory cross-
L11(5) coupling performance as specified in Ref. 14. Second, as was hinted
v = 104:351(10) at earlier, the performance criteria as stated in the specification do
—— not translate directly into frequency-domain bounds. As a result,
Table2 Cross-coupling performance boundaries
Roll Pitch Heave Yaw
1.1(0) 0.4(0) 20.46(0)
; S Tp = ——— = — Tp =
2 b= 0.3)010) b= 0.8)15) D= 02@®)
1.42(0) 0.71(0)(4)? 33.95(0)
06 D = — TD - D=0 o
(0.8)(6) [0.7; 1.251[0.3; 12] 0.1)(20)
) 1.83(0) 1.68(0) —0.06(0)
he Tp = D = — D= T
(0.6)(6) 0.3)(5) [0.2; 8.5]
i T — 1.83(0) _ 1.05(0) _0.390)
‘ " 066 " (hao " 063
Table 3 Prefilters and feedback compensators of the FCS design 1
) 0.0257(0.5)(7.4)[0.7; 13.72][0.7; 30] (0.64)(2)
Roll attitude Gy = e = —————————
(0)(20)[0.7; 401[0.7; 501(67.2) (0.5)(7)[0.7; 10]
0.0185(0.15)(0.7)(1)(1.6)[0.7; 30 1
Pitch attitude Gy = 015071 A.6)I07; 301 Fpo = —————
(0)2(6)(80)2[0.7; 80] [0.7; 2.52]
. . 0.306(0.5)
Vertical velocity = — Fy, =10
(0)(60) ‘
0.4192(2)[0.7; 30 1
Yaw rate _ 04192@)10.7; 301

¥ = (0)(42)[0.7; 501(70)

F,, =—
Ve T 0.7, 4.2
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Fig.4 Approximatefrequency response of roll attitude due to yaw rate
command, design 1.

many differentboundariescould be drawn in the frequency domain,
each of which would satisfy the performance criteria set forth in
the HQ specification. Third, disturbance magnitudes for the equiva-
lent MISO design problems are overspecified, as explained earlier.
Therefore, it was unclear whether actual performance bounds were
violated or whether, instead, the conservative worst-case estimate
of the various vehicle response modes caused the boundary viola-
tions but the actual closed-loop responses were compliant with the
specified bounds.

To investigate this further, an abbreviated form of the Golubev
algorithm,'® which computes a rational function approximation,
H(s) = num(s)/den(s), given input and output time series, was
employed. Figure 4 presents a plot of the approximate closed-loop
frequency response of roll attitude due to yaw rate command for
three flight conditions: hover, 40 kn, and 100 kn. Also included on
the plot as a dashed line is the cross-coupling performance bound.
Clearly, all three frequency responses are well below the imposed
boundary at each of the design frequencies indicated by + marks
in Fig. 4. This is contrary to the design procedure, which indicated
that this cross-coupling performance bound would be violated by
the FCS design. This inconsistency must in large part be due to the
overly conservative nature of the determination of the disturbance
magnitude for the MISO design problems.

If the assumption of a diagonal G feedback compensator matrix
is foregone, additional flexibility is gained,'” as Eq. (8a) becomes

1
dl.j=ZTaj<Gm— 2 ) (11

o Fi

The off-diagonal elements of the G feedback compensator matrix
can be used to reduce the magnitude of the cross-couplingresponses
if these elements of G are determined so as to minimize the magni-
tude

1Gij — (1/Q:))] (12)

Unfortunately, the magnitude of Q;; tends to diminish at higher
frequencies. Thus, to satisfy Eq. (12), the magnitude of G;; must

increase at higher frequencies, which results in an undesirable in-
crease in the system’s sensitivity to noise.

V. Sequential Loop Closure

One problem arising from the conservative determination of the
disturbancesignals for the MISO design problems is that the result-
ing feedback compensator designs are overly conservative. A price
paid for using the aforementioneddesign techniqueis that the result-
ing control system has increased sensitivity to noise. This is termed
by Horowitz® the cost of feedback and is characterized by large
Bode magnitudes in the feedback compensator at high frequency.
The conservativenature of this design techniqueis clearly evidentin
the design described in Sec. IV. Also, although many performance
bounds were unavoidably violated in the design process, adequate
cross-couplingperformance was nonethelessattained. Although the
fact that adequate cross-coupling performance was attained speaks
well for the design methodology that was utilized in the creation of
the FCS, it is unfortunate that this performance was not foreseen
during the design process.

The QFT control system design methodology for the MIMO de-
sign problem is founded on the assumption that all of the bounds
for all of the n* design problems are being met by the compen-
sators. Without this, the mathematical foundation for the technique
is violated, and the proof of the equivalence between the n? MISO
design problems and the original MIMO design problem no longer
applies. A better design approach is necessary for the design of a
robust MIMO FCS for the UH-60 rotorcraft.

One improvementto the extensionof the MISO QFT techniqueto
the MIMO control system design problem is offered in Ref. 7. This
method, termed sequential loop closure (SLC), utilizes available
closed-loopresponseinformation to reduce the overspecification of
the disturbancesignal in the design of successive feedback compen-
sators. Note from Eq. (8) that the closed-loopresponse of all output
variables to a given input is required to define the disturbance sig-
nal of the MISO equivalent system. This information is, of course,
unavailable prior to the FCS design, and so the worst-case upper
performance boundaries were used in the design method of Sec. IV.
After one set of MISO systems has been analyzed, resulting in the
design of a G; and a set of F;; for j = 1,4, then the closed-loop
systemresponse of the i th output to all inputsis fully defined. Thus,
this informationmay be used in the definition of the disturbancesig-
nal for subsequent analysis in place of the worst-case assumption,
reducing the overspecification in those designs. Ideally, once three
of the four sets of MISO systems have been analyzed, the distur-
bance signal for the fourth set can be specified exactly, eliminating
all overspecification in the design of the last feedback compensator.
The algebra entailed in applying this conceptis rather daunting and
is presented in Ref. 18.

The order of loop closure is arbitrary, and there is no guidance to
aid the designerin selecting an order. Intuitively,it is obviousthatas
the overspecification of the disturbancesignal decreases, it becomes
easier to satisfy theimposed disturbancerejectionboundaries. Thus,
if one is encounteringdifficulties in satisfying the disturbancerejec-
tion boundaries for a particular loop when using the design proce-
duredescribedin Sec. IV, thatloop should be closed later rather than
earlier in the sequential process. Beyond this, however, there is no
apparent way to choose the sequence. Two different sequences for
loop closure were attemptedin this study. For the sequencein which
the roll loop was the final loop closed, all performance boundaries
were satisfied in the FCS design. The feedback compensators and
prefilters for this design are listed in Table 4.

Once again, the FCS resulting from this design technique pro-
duced satisfactory results for all responses. Figure 5 shows the ap-
proximate closed-loop frequency response of roll attitude due to
yaw rate command for three flight conditions: hover, 40 kn, and
100 kn for this FCS. A comparison with Fig. 4 demonstrates a sig-
nificant degradation in performance for the SLC FCS in that the
cross-couplingresponse has a greater magnitude in Fig. 5. This de-
graded responseis still adequate, however, as defined by the dashed
cross-couplingperformanceboundary. The implicationis that, while
still attaining acceptable performance, the SLC FCS is less conser-
vative than the FCS described in Sec. IV, hereafter referred to as
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Fig.7 Roll attitude response to a unit step in roll attitude command.

design 1. This is shown graphically in Fig. 6, a comparison of the
roll loop feedback compensators G,, for design 1 and the SLC de-
sign. The shaded area represents the reduced cost of the improved
roll attitude compensator.

The on-axis responses, e.g., roll attitude response to a unit step
changein roll attitude command, etc., for the SLC design are shown
in Figs. 7-10. The dashed lines represent the upper and lower track-
ing performance boundaries. Each solid line representsthe response
of the rotorcraft at a different flight condition, ranging from hover
to 100 kn. Note that the apparent violation of the imposed tracking
performance boundariesare due to the translation of the frequency-
domain boundaries into the time domain. The performance bound-
aries, defined in the frequency domain, indicate limits on rise time,
settling time, overshoot, and steady-state error. They do not rep-
resent limits on the output at specific instances in time. Off-axis
responses for pitch attitude response to a unit step change in roll
attitude command and to a unit step change in vertical velocity
command are shown in Figs. 11 and 12. Although the performance
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Table 4 Prefilters and feedback compensators of the FCS SLC design

_0.0257(0.5)[0.9; 0.5](2.76)[0.7; 3]{0.7; 30]

(0.25)(0.88)(1)

Roll attitude Go = (0)2(2)%(2.5)(6)%[0.7; 50] 90 = (0.3)(0.36)(4.64)
Pitch attitude Go = 0.0185(0.15)(0.7)(1)(1.6)(10)[0.7; 30] Fgo. = —
(0)2(6)(80)2[0.7; 80] [0.7;2.76]
Vertical velocity b= 0306(H 32 Fj = (10)
©)®) © (0.5)0)
- 0.4192(5.2)[0.7; 30] )
Yaw rate = — Fyy. = —[0.7; 23]

(0)[0.7; 501(70)

8.85

.84

8.83 |

<«— Hover

(deg)

a.82

T 100 kts

a8.a1

Pitch Attitude

a 5 18 15 28

Time tsec)

Fig. 12 Pitch attitude response to a unit step in vertical velocity com-
mand.

boundaries do not lend themselves to depictionin the time domain,
these responses are well within the level 1 HQ limits as represented
in Ref. 13.

VI. Conclusions

The extension of the MISO QFT design technique to a MIMO
design problemresults in an overly conservative control system de-
sign. It may not even be possible to satisfy all of the QFT design
criteriadue to the overspecification of the performancebounds asso-
ciated with this technique. This problem is more acute with greater
numbers of inputs and outputs. To address this problemin the 4 x 4
MIMO FCS design for the UH-60A, a technique known as SLC
was utilized. With this technique, the overspecification of the per-
formance boundaries is reduced with each successive loop closure,
allowing foraless conservativeFCS design. Another possiblemeans
of alleviating the overdesign issue in the MIMO design technique
would be to address the cross-couplingcharacteristicsof the MIMO
system directly because it is the cross-coupling characteristics of
the MIMO system that result in the overspecification of the perfor-
mance boundaries in the extension of the MISO design technique.
This could be accomplishedby implementing off-diagonalelements
to the feedback compensator matrix, as described in Sec. IV.

Overall, QFT does provide a good means of designing a robust
rotorcraftFCS, particularlywhen SLC is utilized. The FCS designed
utilizing this techniquedemonstratedacceptabledynamic responses
for a wide range of flight conditions using a realistic vehicle model.
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